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Abstract
We study the magnetization process of the spin-1/2 antiferromagnetic Heisenberg model on a layered
triangular lattice by means of a numerical cluster mean-field method with a scaling scheme (CMF+S). It
has been known that antiferromagnetic spins on a two-dimensional (2D) triangular lattice with quantum
fluctuations exhibit a one-third magnetization plateau in the magnetization curve under magnetic field. We
demonstrate that the CMF+S quantitatively reproduces the magnetization curve including the stabilization
of the plateau. We also discuss the effects of a finite interlayer coupling, which is unavoidable in real
quasi-2D materials. It has been recently argued for a model of the layered-triangular-lattice compound
Ba3CoSb2O9 that such interlayer coupling can induce an additional first-order transition at a strong field.
We present the detailed CMF+S results for the magnetization and susceptibility curves of the fundamental
Heisenberg Hamiltonian in the presence of magnetic field and weak antiferromagnetic interlayer coupling.
The extra first-order transition appears as a quite small jump in the magnetization curve and a divergence in
the susceptibility at a strong magnetic field ∼ 0.712 of the saturation field.
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I. INTRODUCTION
Triangular-lattice antiferromagnets (TLAFs), which are a paradigmatic example of geometric
frustration, have received renewed interest [1] in recent years owing to the technical developments
in high-field experiments and the appearance of new materials comprising Co2+ magnetic ions,
such as Ba3CoSb2O9 [2–7] and Ba3CoNb2O9 [8–10]. Unlike other typical TLAF compounds with
Cu2+ ions, such as Cs2CuCl4 and Cs2CuBr4 [11, 12], the Co-based compounds can form regular
(undistorted) triangular-lattice layers and are free from a large antisymmetric interaction of the
Dzyaloshinsky-Moriya type thanks to the highly symmetric crystal structure. The physics of those
compounds is expected to be described by a simple model Hamiltonian.
Recently, Shirata et al. [2] reported that the magnetization curve of Ba3CoSb2O9 powder seems
to show excellent agreement with theoretical calculations on the spin-1/2 isotropic Heisenberg
model on a two-dimensional (2D) triangular lattice [13–19]. This is owing to the fact that the
magnetic layers of Co2+ ions are well separated from each other by a nonmagnetic layer [2]. How-
ever, the latest experiments with the use of single crystals [3–6] found a field-direction dependence
of magnetization curve, which indicates the existence of exchange anisotropy, and a magnetization
anomaly that had not been predicted at a strong magnetic field ∼ 22 T perpendicular to the c axis.
Several conjectures have been proposed for the origin of the unexpected high-field anomaly in the
magnetization curve [4, 5, 20–22].
In our previous study [21], we have provided a microscopic model calculation for the mag-
netization process of the quasi-2D TLAF Ba3CoSb2O9 by taking into account the easy-plane ex-
change anisotropy and weak couplings between layers. The theoretical magnetization curve under
in-plane magnetic field exhibits a field-induced first-order transition at ∼ 0.7 of the saturation
field Hs as well as the well-known plateau structure at the one-third of the saturation magneti-
zation. From the result, we suggested that the origin of the magnetization anomaly observed in
Ba3CoSb2O9 is indeed the extra first-order transition due to the weak interlayer coupling. In fact,
the critical field strength (∼ 22 T) at the anomaly is well accorded with our theoretical prediction
(∼ 0.7Hs [21]), given that the saturation field of Ba3CoSb2O9 is about 31.9 T [4].
In Ref. 21, we focused on the system with easy-plane exchange anisotropy in order to explain
a specific experiment. In this paper, we give a quantitative study on quantum TLAFs based on
the isotropic Heisenberg Hamiltonian, which is a simpler but more fundamental model to describe
spin systems. Even for the simple Heisenberg model on a single layer of triangular lattice, there
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FIG. 1: (a) Weakly-coupled layers of triangular lattice. (b) A three-sublattice spin structure expected on a
triangular lattice. The spins on the sites with the same letter points in the same direction. (c) A six-sublattice
spin structure on a layered triangular lattice.
have been only a few numerical studies [14–19] that can reproduce the quantum stabilization of
the magnetization plateau. This is due to the difficulty in treating strongly frustrated quantum
systems. Also in experiments, there are only a few quantum TLAF materials that actually exhibit
a clear magnetization plateau [2, 11, 12]. Therefore, it is still important to reproduce the plateau
of the isotropic TLAF by different theoretical methods, whose reliability can in turn be confirmed
by their accurate prediction of the plateau.
We apply our numerical cluster mean-field approach with a scaling scheme (CMF+S) [23–27]
to the S = 1/2 Heisenberg model on a triangular lattice. The result for a single layer shows that the
numerical CMF+S method provides an excellent quantitative agreement with previous numerical
results [13, 15, 17–19], including the quantum stabilization of the one-third magnetization plateau.
We also present the CMF+S results for the magnetization and susceptibility curves in the presence
of antiferromagnetic interlayer coupling. It is shown that a small interlayer coupling gives rise
to an extra discontinuous quantum phase transition at a strong field ≈ 0.712Hs. The high-field
first-order transition is clearly visible as a divergence in the susceptibility while the shape of the
magnetization curve undergoes very little change except for quite a small jump at the transition
point.
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II. THE SPIN-1/2 HEISENBERG MODEL ON A LAYERED TRIANGULAR LATTICE
The Hamiltonian of the Heisenberg model on layers of triangular lattice [see Fig. 1(a)] is given
by
ˆH = J
∑
〈i, j〉
ˆSi · ˆS j + J′
∑
〈i,l〉′
ˆSi · ˆSl − H
∑
i
ˆS zi , (1)
where both the intralayer (J) and interlayer (J′) nearest-neighbor (NN) couplings are assumed
to be antiferromagnetic. We investigate the S = 1/2 case that exhibits the strongest quantum
fluctuations.
For a single layer of triangular lattice (or J′ = 0), the ground-state spin configuration usually
forms a three-sublattice structure as shown in Fig. 1(b) as long as the system only has spatially
isotropic NN interactions. However, real TLAF compounds such as Ba3CoSb2O9 have a quasi-2D
structure that consists of magnetic triangular-lattice layers separated from each other by a nonmag-
netic layer [2]. Therefore, one has to consider a small but finite interlayer interaction J′ between
spins on different layers. For a ferromagnetic J′ < 0, it is expected that the spins along the stack-
ing direction tend to point in the same direction and the three-sublattice spin configuration on each
layer is more stabilized. A quite small |J′| ≪ J can be thus negligible when the magnetic layers are
well separated. However, we will show that when J′ > 0, even a small interlayer interaction could
play an essential role in determining the ground-state spin configuration of TLAFs under magnetic
field. The consideration of this effect due to weak three dimensionality is a key to quantitatively
describe quasi-2D quantum TLAF compounds with a microscopic model Hamiltonian.
III. CLUSTER MEAN-FIELD APPROACH WITH CLUSTER-SIZE SCALING FOR QUANTUM
SPINS
The classical counterpart of the model (1) is written in terms of three-dimensional vector Si
with a fixed length |Si| = 1/2 instead of quantum spin-1/2 operator ˆSi. It is known that the ground
state of the classical Heisenberg model on a 2D triangular lattice (J′ = 0) cannot be uniquely
determined under magnetic field (H , 0) [28, 29]. Although the classical-spin angles on the
three-sublattice structure shown in Fig. 1(a) have six degrees of freedom, the minimization of the
classical energy only gives the constraint SA+SB+SC = (0, 0, H/3J) for 0 < H < Hs [28, 29]. Here,
Hs = 9J/2 is the saturation field, above which all the spins are aligned parallel to the magnetic
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FIG. 2: The ground-state magnetization process of quantum Heisenberg antiferromagnets on a purely 2D
triangular lattice. Each arrow represents the spin angle on the sublattice A, B, or C. The 0-coplanar state is
also called the “V” state.
FIG. 3: Series of clusters used in the present CMF+S study. The lower illustrations show the independent
clusters that have to be considered under the three-sublattice ansatz in the purely 2D case. The cluster of
NC = 3, 15, or 21 is similar to that of NC = 6.
field. Except the trivial degeneracy from the U(1) symmetry, there still remain two degrees of
freedom. Therefore, spin configurations in the ground-state magnetization process (0 < H < Hs)
are continuously degenerate. The total magnetization per site, M ≡ ∑i S zi/N with N being the
number of lattice sites, is given by H/9J as a linear function of the magnetic field strength for any
magnetization process in the degenerate manifold.
In the quantum spin-1/2 system, however, the classical degeneracy is lifted by quantum fluc-
tuation effects. For TLAFs, it is now established that the sequence of the “Y,” up-up-down, and
0-coplanar states [Fig. 2] is selected as the lowest-energy magnetization process [13–18]. The
magnetization curve M(H) is no longer a linear function of H, and exhibits a magnetization plateau
at one-third of the saturation magnetization reflecting the stabilization of the up-up-down state over
a finite range of magnetic field strength.
We employ here the CMF+S method [23–27] to take into account the quantum effects and in-
terlayer coupling. In general, the number of spins that can be numerically diagonalized on current
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computer resources is very limited. To avoid strong finite-size effects in such exact diagonalization
on small clusters, we impose a self-consistent mean-field boundary condition instead of the usual
periodic or open one. First, we approximate the Hamiltonian ˆH on N sites (N → ∞ in the thermo-
dynamic limit) by the sum of N/NC cluster Hamiltonians on a cluster of NC sites. The inter-cluster
interactions are decoupled as ˆS αi ˆS αj → 〈 ˆS αi 〉 ˆS αj + 〈 ˆS αj 〉 ˆS αi (α = {x, y, z}). Thus, the cluster Hamil-
tonian ˆHCn includes the expectation values 〈 ˆS αi 〉 as mean fields to be determined self-consistently.
The sublattice magnetic moment mαµ on sublattice µ is given by
mαµ =
1
Nµ
∑
n
∑
iµ∈Cn
Tr
(
ˆS αiµe
−β ˆHCn
) /
Tr(e−β ˆHCn ), (2)
where n = 1, 2, · · · , MC with MC being the number of the independent clusters (specifically given
later), Nµ is the number of total sites belonging to the sublattice µ in the MC clusters, and β = 1/T
(we take T → 0 in the present study). Substituting mαµ into 〈 ˆS αiµ〉 in ˆHCn , Eq. (2) becomes a set of
self-consistent equations for mαµ .
Usually, one gets some different sets of solutions for mαµ depending on the initial values in the
iteration process to solve the self-consistent equations. The spin configuration of each solution at
a given magnetic field strength H is identified by the converged values of mαµ on each sublattice µ.
Since the energy difference between different spin configurations can be estimated by integrating
the magnetization curve M(H) (which is given by the average of mzµ over µ) with respect to H from
Hs, one can determine the ground-state magnetization process by comparing the energies of the
different solutions.
To efficiently treat possible spin configurations in quasi-2D TLAFs, we choose a series of
triangular-shaped clusters of up to NC = 21, displayed in Fig. 3. The above-mentioned approach
reproduces the classical ground state for NC = 1, and allows for a systematic inclusion of non-
local fluctuations as NC increases. Therefore, we eventually make an extrapolation of the results
for different values of NC to the limit of NC → ∞, where long-range fluctuations in each triangular-
lattice layer are fully included. The scaling parameter λ ≡ NB/3NC (NB is the number of bonds
treated exactly) varies from 0 for NC = 1 to 1 for NC = ∞.
IV. PURELY TWO-DIMENSIONAL CASE (J′ = 0)
We first present the CMF+S result for the magnetization curve of the Heisenberg model on a
single layer of triangular lattice (J′ = 0) for comparisons with some known results obtained by
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other theoretical methods [13, 15, 17, 18]. Under the assumption of the three-sublattice structure
shown in Fig. 1(b), the number of independent clusters that have to be treated in the CMF+S self-
consistent equations (2) is MC = 1 for NC = 3, 6, 15, or 21, while MC = 3 for NC = 10 (see the
lower illustrations of Fig. 3).
The obtained magnetization curves M(H) for each NC are shown in Fig. 4(a). The quantum
fluctuations select the sequence of the Y, up-up-down, and 0-coplanar states as expected. The
magnetization curve exhibits the one-third quantum magnetization plateau. As the size of the
cluster NC increases, the plateau gets wider, indicating that the effects of quantum fluctuations are
properly included. Figure 4(b) shows the critical field strength at each of end points of the plateau
(named Hc1 and Hc2) as a function of the scaling parameter λ. We perform a linear extrapolation
NC → ∞ (λ → 1) of the data calculated with the three largest clusters. The extrapolated values
are given as Hc1(∞)/J = 1.359 and Hc2(∞)/J = 2.196, respectively. These values are somewhat
different from the linear-spin-wave result (1.248 and 2.145 [13]) and comparable with those ob-
tained by the exact diagonalization with the periodic boundary condition (1.38 and 2.16 [15, 18])
and by the coupled cluster method (1.37 and 2.15 [17]).
In the previous CMF+S study on the XXZ Hamiltonian [26] we derived the phase diagram in
the plane of the XXZ anisotropy and magnetic field strength by extrapolating the values of the
anisotropy parameter J/Jz at each phase boundary with H/Hs fixed. Since we took sufficiently
many but necessarily a finite number of H/Hs values, a further interpolation was needed to obtain
the critical fields corresponding to the isotropic Heisenberg model, namely to the line J/Jz = 1.
This procedure gave Hc1/J = 1.345 and Hc2/J = 2.113 [26]. It is expected that the values
obtained by the present work (1.359 and 2.196 respectively) are more accurate for the following
two reasons. First, the more direct scaling procedure for the magnetization curve of the Heisenberg
model does not require further interpolations. Second, the extrapolation to the infinite-size limit
based on the linear fit appears to work even more efficiently for the present treatment (in which
the critical H/Hs is extrapolated) compared to the XXZ model study (in which the critical J/Jz is
extrapolated).
In order to make cluster-size scaling of the entire magnetization curve M(H), first we have to
change the scale of each curve obtained with finite NC with respect to H as H → H′ with
H′ =
Hc1(∞)
Hc1(NC) H for 0 ≤ H ≤ Hc1(NC),
H′ =
Hc2(∞) − Hc1(∞)
Hc2(NC) − Hc1(NC)
(H − Hc1(NC)) + Hc1(∞)
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FIG. 4: (a) Ground-state magnetization curves of the Heisenberg model on a single layer of triangular
lattice for NC = 3, 6, 10, 15, 21, and ∞ (from bottom to top). All the curves apart from the bottom one are
vertically shifted by 0.05, 0.1, 0.15, 0.2, 0.25, respectively, for clarity. (b) Cluster-size scalings of the data
for the phase transition points Hc1 and Hc2. (c) Cluster-size scalings of the data for the magnetization M at
the rescaled field strength H′ = 0.4 and 0.8 (lower two lines), at Hc1 ≤ H′ ≤ Hc2 (the line of M = 1/6), and
at H′ = 2.8, 3.2, 3.6, 4.0, and 4.4 (upper five lines). (d) Comparisons with the exact diagonalization (ED)
with the periodic boundary condition [18] and with the coupled cluster method (CCM) [17]. The upper
curves are vertically shifted by 0.25 for clarity.
for Hc1(NC) ≤ H ≤ Hc2(NC),
and
H′ =
Hs − Hc2(∞)
Hs − Hc2(NC)
(H − Hc2(NC)) + Hc2(∞)
for Hc2(NC) ≤ H ≤ Hs
so that the phase boundaries for all finite NC have the same location as those of the limit NC →∞
(Hc1(∞) and Hc2(∞)) [21]. The extrapolation of the magnetization M at different values of the
rescaled H′ are shown in Fig. 4(c). The top curve in Fig. 4(a) is the obtained CMF+S magnetiza-
tion curve, which is compared with the other numerical results [17, 18] in Fig. 4(d). We can see an
excellent agreement of the CMF+S curve with the data extracted from Refs. 18 and 17, regarding
the locations of the phase transition points and the nonlinear bending due to the quantum effects.
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V. THE ROLE OF WEAK INTERLAYER COUPLING (J′ , 0)
Weak three-dimensionality is not avoidable in real quasi-2D TLAF compounds. Since there
are numerous nearly-degenerate states in frustrated systems, even very small interlayer interaction
can compete with quantum fluctuations and affect the ground-state selection. In the previous
study [21], while effects of the interlayer coupling have been discussed with a focus on the case
where easy-plane exchange anisotropy exists, we have not explained the detailed magnetization
process for the isotropic case. Therefore, here let us discuss the role of interlayer coupling J′ on
the magnetization process of the fundamental Heisenberg model (1) in a quantitative way with the
use of the CMF+S.
For weakly-coupled triangular-lattice layers, we assume the six sublattice structure shown in
Fig. 1(c) (µ =A, B, C, A′, B′, or C′) [4]. The number of independent clusters that have to be
considered in the CMF+S is now MC = 2 for NC = 3, 6, 15, or 21, while MC = 6 for NC = 10.
The saturation field is given by Hs = 9J/2 + 2J′.
In general, when the interlayer interaction is antiferromagnetic (J′ > 0), antiparallel spin align-
ment is favored along the stacking direction. If each layer consists of a bipartite lattice, it is
expected that the in-plane magnetic order is just stacked alternately as shown in Fig. 5. However,
for non-bipartite lattices such as the triangular lattice, the in-plane three-sublattice magnetic or-
der could compete with the demand of antiparallel alignment along the stacking direction. As a
result of the incompatibility, the lowest-energy stacking pattern can be changed depending on the
magnetic field strength as will be shown below.
For TLAFs in the presence of antiferromagnetic interlayer coupling, we found two candidate
magnetization processes as solutions of Eq. (2) [21], both of which reduce to the sequence of the
Y, up-up-down, and 0-coplanar states at the purely 2D limit. Figure 6 shows the two branches
FIG. 5: Typical spin stacking pattern in weakly-coupled antiferromagnetic layers of bipartite lattice under
magnetic field. The right panel is the corresponding schematic illustration.
9
FIG. 6: Two candidate magnetization processes of quasi-2D Heisenberg TLAFs. The interlayer interaction
J′ acts on the NN bonds between A and A′, between B and B′, and between C and C′. The right panels
show the changes of relative angles θ, φ, and χ in the states (c) and (c′) as H increases.
(a)-(b)-(c)-(d) and (a′)-(b′)-(c′). From comparison between (a) and (a′) or between (b) and (b′), it
is obviously seen that the former process has a lower energy for low magnetic fields since J′ > 0
favors antiparallel alignment on interlayer bonds. However, the magnitude relation between the
energies of (c) and (c′) at strong fields can be reversed as H increases. Note that the relative angles
(θ, φ, and χ) among the six sublattice magnetic moments are gradually changed as a function of
H even in the same phase. As can be seen in the right panels of Fig. 6, when the spins are almost
collinear, the energy of (c′) should be higher than that of (c) due to the high interlayer bond energy
of field-parallel spin components. However, when the magnetic field is further increased, the (c′)
configuration becomes advantageous against (c) since it can reduce more interlayer bond energy
of field-transverse components. As a result, a field-induced first-order transition between (c) and
(c′) is expected to occur at a certain strong magnetic field.
Figure 7(a) shows the ground-state magnetization process obtained by solving Eq. (2) for dif-
ferent NC in the case of a very small interlayer interaction J′ = 0.025J. Indeed, an extra dis-
continuous phase transition that was not seen in the purely 2D case is found at a strong field,
although the discontinuity in M is quite small. The transition point Hc3 can be determined by
Maxwell’s construction for the difference of the curves M(H) in the two magnetization processes
[see Fig. 7(b)]. Thus, it is concluded that the magnetization process is given by (a)-(b)-(c)-(c′) for
quasi-2D TLAFs.
Performing a cluster-size extrapolation (NC → ∞) in a similar way to the purely 2D case,
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FIG. 7: (a) Ground-state magnetization curves of the Heisenberg model on weakly-coupled layers of trian-
gular lattice for NC = 3, 6, 10, 15, 21, and ∞ (from bottom to top). We set J′ = 0.025J. All the curves apart
from the bottom one are vertically shifted by 0.05, 0.1, 0.15, 0.2, 0.25, respectively, for clarity. (b) The
high-field part of the magnetization curves of the two branches. Here, δM is the magnetization measured
from that of the branch (a′)-(b′)-(c′). The critical field strength Hc3 is determined so that the areas of the
shaded regions are equal. The result for NC = 21 is shown. (c) The CMF+S result (NC → ∞) of the
susceptibility JdM/dH for J′ = 0 (upper) and J′ = 0.025J (lower). The susceptibility of a single layer of
triangular lattice (J′ = 0) is compared with that of the CCM [17].
we obtain the CMF+S result of the magnetization curve [the top curve in Fig. 7(a)]. Since J′
is assumed here to be very small, the general behavior of the curve differs little from that of the
purely 2D case. However, as shown in Fig. 7(c), the existence of the additional quantum first-order
transition is clearly seen in the field derivative of M(H) as the divergence at H = Hc3 ≈ 0.712Hs,
in contrast to the purely 2D (J′ = 0) case.
VI. SUMMARY
In summary, we have studied the magnetization process of the spin-1/2 Heisenberg model on
layered triangular lattice with and without weak interlayer coupling. Our numerical calculations
with the CMF+S method properly described the one-third magnetization plateau expected in quan-
tum TLAFs and provided a quantitative agreement with the numerical data of the ED [15, 18] and
the CCM [17] for a single layer of triangular lattice. Moreover, we discussed the detailed magneti-
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zation process in the presence of weak interlayer coupling, which is unavoidable in real quasi-2D
compounds. We presented the magnetization and susceptibility curves of the isotropic Heisenberg
model, which was not reported in our previous study [21]. Although a small interlayer coupling
does not change the apparent shape of the magnetization curve, an additional first-order phase
transition occurs at H ≈ 0.712Hs above the one-third plateau. This extra transition is visible as a
small discontinuous jump in the magnetization curve and a divergence in the susceptibility. From
a comparison of the present isotropic Heisenberg model with the previous easy-plane case [21],
the easy-plane anisotropy seems not to be relevant for the qualitative feature of the magnetization
process and the shape of the magnetization curve including the extra first-order transition as long
as the magnetic field is applied in the direction parallel to the easy plane. Since the appearance of
the high-field first-order transition stems from the incompatibility between the in-plane quantum
magnetic order and the demand of antiparallel alignment along the stacking direction, a similar
magnetization process is expected to be obtained for larger spins, e.g., S = 1 and S = 3/2.
Here, we discussed the case of weak interlayer coupling (J′ = 0.025J) employing the CMF+S
based on 2D clusters shown in Fig. 3. For larger values of J′ (& 0.2J), it has been predicted for
the Heisenberg model that the umbrella state is stabilized at strong fields [30, 31]. Therefore, for
moderate interlayer couplings, the magnetization process should become more complex due to the
competition of the umbrella state and the coplanar states shown in Fig. 6. It remains an interesting
open problem.
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